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INTRODUCTION 

The development of crystallographic texture, the preferred orientation of grains in 

a polycrystalline aggregate, during thermomechanical processing (TMP) can play an 

important role with regard to the secondary-forming response (e.g., deep drawing of 

sheet)  and service performance (e.g., strength, elastic modulus, ductility, fracture 

toughness) of metallic materials. Crystallographic texture, or simply texture for 

succinctness, may arise as a result of large-strain deformation, dynamic/static 

recrystallization, grain growth, or phase transformation [1]. A second form of anisotropy, 

mechanical texturing or mechanical fibering, refers to the alignment of microstructure, 

inclusions, etc., during deformation processes and may also affect mechanical 

properties such as ductility and fracture toughness. This latter form of texture is not 

discussed in the present article.   

Because of its technological importance, a number of modeling and simulation 

techniques have been formulated to describe the evolution of crystallographic texture [2, 

3]. A majority of these techniques have been developed for predicting textures in face-

centered-cubic (fcc) and body-centered-cubic (bcc) metals. Considerably less work has 
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been done in the area of hexagonal-close-packed (hcp) materials, let alone two-phase 

alloys one of whose phases is hcp, such as is the case for a number of industrially-

important titanium alloys.    

Unalloyed titanium and titanium alloys comprise a class of material for which 

texture can be unusually strong and therefore is very important with regard to 

mechanical properties [4, 5]. The tendency to form strong textures results principally 

from the low symmetry of the hcp crystal structure which characterizes many titanium 

alloys at low-temperatures, the limited number of slip and twinning systems that can be 

activated to accommodate imposed deformation of hcp crystals, and the allotropic 

transformation of titanium from the bcc beta phase (at high temperatures) to the hcp 

alpha phase (at low temperatures). The first two of these factors play an important role 

with regard to the formation of deformation texture in both alpha and alpha/beta titanium 

alloys. The nature of prior deformation and the allotropic transformation affect 

transformation-texture development in both alpha/beta and near-beta titanium alloys. 

In the broad sense, crystallographic texture is but one, albeit an important one, of 

the many attributes that are needed to fully characterize the metallurgical state of a 

material. Thus, the modeling and simulation of texture evolution for titanium alloys is 

often tightly coupled to microstructure evolution. This article focuses on a number of 

problems for titanium alloys in which such coupling is critical in the development of 

quantitative models. For some phenomena, such as spheroidization, coarsening, etc, it 

is not as important to model microstructure and texture evolution simultaneously. Such 

situations are summarized in the article “Modeling of Microstructure Evolution during the 

Thermomechanical Processing of Titanium Alloys” in this volume.  
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A number of general considerations related to the characterization, modeling, 

and simulation of texture are treated in other articles in this volume; e.g., 

“Crystallographic Texture,” “Crystal-Plasticity Fundamentals”, “Self-Consistent Texture 

Modeling,” and “Crystal-Plasticity FEM”. Hence, this article focuses solely on aspects 

pertaining to titanium and titanium alloys. To this end, the key aspects of phase 

equilibria, the description of crystallographic orientations, and slip/twinning behavior of 

importance for titanium alloys are summarized first. Subsequent sections of this article 

describe the modeling and simulation of recrystallization and grain growth of single-

phase beta and single-phase alpha titanium and deformation- and transformation- 

texture evolution in two-phase (alpha/beta) titanium alloys.    

FUNDAMENTAL CONSIDERATIONS FOR TITANIUM 

The description of phase equilibria, crystallography, and deformation behavior of 

titanium and titanium alloys is of great importance with regard to understanding and 

modeling texture evolution. Each of these topics is briefly discussed in this section. 

Phase Equilibria/Phase Transformations 

Microstructure and texture evolution and control in titanium alloys is heavily 

dependent on the allotropic transformation from the hcp crystal structure (denoted as 

alpha phase) found at low temperatures to a bcc crystal structure (denoted as beta 

phase) at high temperatures [6]. For pure titanium, this occurs at 882°C. In many 

titanium alloys, the beta phase is partially stabilized at lower temperatures, and the 

equilibrium volume fractions of alpha and beta vary with temperature. The temperature 

at which a specific alloy becomes entirely beta (i.e., alpha + beta → beta) is called the 
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beta transus. The conditions used for hot working and heating/heat treatment are often 

selected relative to the beta-transus temperature. 

There are a number of important classes of titanium alloys, whose designations 

reflect the relative volume fraction of beta retained at room temperature. These include 

beta and near-beta alloys and near-alpha and alpha/beta alloys [7, 8]. Beta and near-

beta alloys have moderate to large amounts of beta-stabilizing elements such as 

vanadium, molybdenum, tungsten, niobium, chromium, and iron. The beta transi of 

near-beta alloys are typically in the range of 700 to 850°C [7]. Near-alpha and 

alpha/beta alloys have large amounts of alpha-stabilizing elements such as aluminum; 

the beta transi of near-alpha and alpha/beta alloys are usually of the order of 950 to 

1050°C [8]. 

The cooling of alpha/beta alloys from a temperature above the beta transus or 

the aging of beta-annealed-and-water-quenched near-beta alloys results in the 

decomposition of metastable beta. The alpha that is formed has a lath or platelet 

morphology. The orientation of the alpha is related to that of the parent beta by a 

classical Burgers relation [9]. The single close-packed plane in the hcp alpha phase 

(i.e., the basal plane) is parallel to one of the six close-packed planes in the bcc beta 

phase. In addition, one of the three close-packed (“a”) directions in the basal plane of 

the alpha is parallel to one of the two close-packed directions lying within the specific 

close-packed plane in the beta (Figure 1). Thus, decomposition of a beta grain may give 

rise to one or more of 12 (= 6 x 2) possible alpha-phase variants, each with its own 

orientation within the beta grain. It is rare that a specific beta grain would contain a large 

number of the 12 possible alpha variants. Often, a subset of these may be found due to 



a variant-selection process. Various factors may affect variant selection. These include 

stress (which may be applied macroscopically or develop as a result of temperature 

gradients, for example) [10] and, if the beta has been hot worked, residual dislocation 

substructure on the activated slip systems. Possible variant-selection rules are 

discussed in the section below on the modeling of transformation texture in alpha/beta 

titanium alloys.  

Crystallography and Description of Orientation 

 Descriptions of crystallography and the orientations of bcc beta and hcp alpha 

are critical to the modeling and simulation of texture evolution in titanium alloys.  

Crystallography is rather simple for the bcc phase whose unit cell comprises 

atoms at each corner and an atom at the center of a cube (Figure 1b). Using standard 

miller indices for cubic crystals, the three principal directions are parallel to the cube 

edges, i.e., [100], [010], and [001]. Similarly, the planes comprising cube faces are 

denoted (100), (010), and (001). Each of the six close-packed planes contains 4 corner 

atoms and the central atom and are denoted as {110} - type planes, e.g., (110) and 

)101( . The four close-packed directions are the cube diagonals and are of the type 

<111>, e.g., the ]111[  and ]111[  directions lying in the (110) plane. 

The crystallography of the hcp unit cell shows less symmetry than the bcc unit 

cell (Figure 1a). The four miller indices for hcp crystals denote relative lengths/inverse 

intercepts along the three close-packed directions and the normal to the close-packed 

plane. The close-packed (basal) plane is thus (0001) and its normal is [0001], known 

also as the c axis. The three close-packed directions lying in the basal plane are 
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denoted a1, a2, and a3, or ]0112[ , ]0121[ , ]2011[ , respectively. Because these three 

directions lie in the same plane at 120° angles to each other, the third index of the miller 

indices for hcp crystals is always equal to minus the sum of the first two indices. Other 

planes of importance comprise the prism planes ( }0110{ type) and various pyramidal 

planes, the most important of which are the }1110{  planes, which contain the directions 

consisting of the vector sum c + a, i.e., the >< 3211  directions.  

The description of texture relies on quantifying the orientation of bcc and hcp 

crystal axes relative to an orthogonal set of material (sample) reference directions, e.g., 

X, Y, Z (or RD, TD, SN for sheet/plate materials). For the bcc phase, the crystal axes 

are taken to be the [100], [010], and [001] directions. Several different choices are used 

for the orthogonal set for hcp crystals. The most common consists of the ]0112[ , 

]0101[ , and [0001] directions.  

The 3 x 3 rotation (orientation) matrix g, consisting of the cosines of the angles 

between the crystal axes and the material reference directions, is used to quantify the 

orientation of a crystal relative to the material reference directions. The ij th member of 

this matrix is the cosine of the angle between the i th crystal axis and the j th sample 

reference direction (Figure 2a) [1, 11]: 

g  =
 (

333

222

111

coscoscos
coscoscos
coscoscos

γβα
γβα
γβα ) =

 ( ) 
.  (1) 

333231

232221

131211

ggg
ggg
ggg

 
The description of orientation via the 9-parameter rotation matrix is actually an over-

specification inasmuch as the sample reference directions can be brought into 
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coincidence with the crystal axes (or vice versa) by three independent rotations. The 

three rotation angles are known as Euler angles. Although a number of conventions 

have been used to specify Euler angles, the most common is that due to Bunge [1, 11, 

12]. The three Bunge Euler angles are denoted φ1,  Φ, and  φ2, and comprise the 

following successive rotations (Figure 2b): 

• Rotation of φ1 about Z/SN, transforming the Y/TD direction into Y’/TD’ and 

the X/RD direction into X’/RD’. 

•  Rotation of Φ about X’/RD’, transforming the Y’/TD’ direction into Y’’/TD’’ 

and the Z/SN direction into the Z’’/SN’’. 

• Rotation of φ2 about Z’’/ND’’. 

The elements of the rotation matrix (Equation (1)) are related to the Euler angles 

by the following et of lations 11]:  s re  [

g11 = cos 1 cos 2 – sin 1 sin  cosφ φ φ φ2 Φ 

g12 = sin 1 cos 2 + cosφ1 sinφ2 cosΦ φ φ

g13 = sinφ2 inΦ  s

g21 = – cos 1 sin 2 – sin  cos  cosφ φ φ1 φ2 Φ 

g22 = – si 1 si 2 + cosφ1 cosφ2 cosΦ           (2) nφ nφ

g23 = cos 2 sin  φ Φ

g31 = sinφ1 inΦ  s

g32 = – co φ1 sinΦ s

g33 = cosΦ 

 The orientation relation between the reference axes and an arbitrarily-oriented 

crystal or the misorientation between two adjacent crystals can also be represented as 



a single rotation about a specific axis. For the case of the misorientation between two 

adjacent crystals 1 and 2, for example, a misorientation matrix Q12 is calculated first: 

 Q12 = ,         (3) gg 2
T
1

in which denotes the transpose of the rotation matrix for grain 1, and is the rotation 

matrix for grain 2. The misorientation angle θ is then given by the following expression 

[11]: 

gT
1 g2

 cos θ = (g11 + g22 + g33 -1)/2      (4) 

The components r of the axis of rotation (relative to the axes of one of the crystals) are 

the following [11]:  

 r1 = g23 – g32 

 r2 = g31 – g13         (5) 

 r3 = g12 – g21 

In Equations (4) and (5), the quantities gij are the elements of the misorientation matrix 

Q12 . 

The overall texture of polycrystalline aggregates is represented by pole figures or 

orientation distribution functions (ODFs). A pole figure is a 2D stereographic projection 

of the probability of finding a specified crystallographic direction (”pole”) at various 

orientations relative to the sample reference directions. Typical pole figures for beta 

titanium are 100, 110, and 111. For alpha titanium, 0001, 0110 , 0211 , and 1110  pole 

figures are used to quantify texture. Similarly, an ODF summarizes the probability of 

finding crystals with given Euler angles relative to the sample reference directions. 
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Slip/Twinning Systems 

 Alpha Phase. Deformation textures in unalloyed titanium and two-phase titanium 

alloys tend to be strong because of the low symmetry of hcp crystals and the limited 

number of modes of deformation due to crystallographic slip or twinning. 

 The most common slip systems for hcp titanium consist of basal <a> (slip on the 

basal plane along an <a> direction), prism <a> (slip on a prism plane along an <a> 

direction), and pyramidal <c+a> (slip on pyramidal planes along a <c+a> direction) 

(Figure 3). In the case of an arbitrary imposed deformation, five independent slip 

systems must be activated within each grain of a polycrystalline aggregate. Because 

there are only two independent basal <a> systems and two independent prism <a> 

systems, pyramidal <c+a> slip must also be activated. Compressive or tensile 

deformation along the c axis of an hcp crystal is enabled by <c+a> slip.  

 Deformation of hcp titanium by <c+a> slip involves stresses usually much higher 

than those required for basal <a> or prism <a> slip. Hence, twinning may provide 

alternate, softer modes to accommodate deformation along the c axis, particularly under 

ambient or cold-working temperatures. The key twinning systems (denoting the twinning 

plane by the first index and the twinning direction by the second) include 

>< 2311}2211{ , which provides a compressive strain along the c axis, and 

>< 0111}2110{  and >< 2611}1211{ , each of which gives a tensile strain along the c 

axis [13, 14].  

 The analysis of deformation texture often involves the application of the strain (or 

stress) tensor transformation law from a set of reference axes to the hcp crystal axes. 

To determine the appropriate direction cosines (Equation (1)) it is often simplest to 
9 

 



apply the dot product formula. In this case, the use of an orthogonal set of reference 

axes for hexagonal crystals is preferable. As mentioned above, a typical choice of axes 

comprises the ]0112[ , ]0101[ , and [0001] directions; i.e.,  ]0112[  is represented as 

[100], ]0101[  as [010], and [0001] as [001]. With this choice, the miller indices for 

various slip systems in an equivalent orthogonal system can be calculated (Table I).  

 Beta Phase. Bcc metals such as beta titanium are known to deform by slip along 

<111> slip directions. However, the slip plane(s) are not well defined. Some have 

modeled deformation texture evolution for bcc metals such as beta titanium assuming 

pencil glide, i.e., slip on any plane containing a <111> direction [16, 17]. Others have 

assumed a slightly more restrictive approach, assuming slip only on {110}, {112}, and 

{123} planes [18, 19]. In yet other work, it has been suggested that the active slip 

planes, particularly at intermediate temperatures, are of the {112} type [20].   

TEXTURE EVOLUTION DURING RECRYSTALLIZATION AND GRAIN GROWTH 

 Modeling of recrystallization and grain growth of single-phase-beta or single-

phase-alpha titanium has a number of important industrial applications. These include 

the recrystallization and grain growth of alpha/beta and beta titanium alloys during heat 

treatment in the single-phase beta field (i.e., above the beta-transus temperature) and 

the recrystallization and grain growth of alpha titanium during heat treatment in the 

alpha phase field. Grain growth of alloys with no prior hot work during beta annealing is 

perhaps the simplest problem in texture evolution for titanium alloys and is discussed 

first. Subsequently, the simulation of coupled recrystallization and grain growth of 

materials that have been prior hot- or cold-worked is addressed.     

10 
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Beta Grain Growth 

 Beta annealing is often used for alpha/beta titanium alloys to develop a 

transformed-beta microstructure for fracture-critical aerospace applications. Beta 

annealing is also applied as a solution treatment for beta and near-beta alloys prior to 

aging in the alpha/beta phase field. In both cases, the control of the beta grain size can 

be very important. 

 A number of measurements of beta-grain-growth kinetics for alloys such as Ti-

6Al-4V and Ti-5Mo-5V-5Al-1Fe-1Cr (VT22) have shown substantial deviations from the 

parabolic behavior which characterizes classical normal grain growth (i.e., dn ~ t, in 

which d denotes the grain size, t is time, and n is the grain-growth exponent) [21-25]. 

Specifically, periods of rapid and slow growth have been observed during both 

isothermal heat treatments and processes involving continuous heating (Figure 4). 

Furthermore, grain-growth kinetics have been found to vary quite noticeably in different 

lots of a given alloy such as Ti-6Al-4V with identical composition and initial 

microstructure, but different with initial textures. These observations can therefore be 

ascribed to initial texture and the evolution of texture during grain growth. Such texture-

controlled grain growth is a result of the anisotropy in energy and mobility of beta grain 

boundaries.   

 Texture-controlled grain growth during beta annealing of titanium alloys has been 

simulated using both the Monte-Carlo (Potts) and phase-field-modeling approaches. In 

the work of Ivasishin, et al. [24, 25], for example, the Monte-Carlo (MC) method was 

utilized; a detailed description of the MC technique is contained in the article “Monte-

Carlo Models for Grain Growth and Recrystallization” in this volume. Suffice it to say, 
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the MC formulation of Ivasishin, et al. was similar to that in prior efforts with regard to (1) 

the calculation of energy before and after an elementary orientation “flip” (except that 

the trial orientation was taken to be that of a randomly-chosen neighboring site and not 

the entire model lattice) and (2) the quantitative description of the probability for atoms 

at/near the grain boundaries to change their orientations. However, a number of 

improvements were incorporated to obtain quantitative information on the coupling of 

grain growth and texture evolution. These improvements included (1) the application of 

a 3D, rather than a 2D, analysis, (1) the use of a large number of possible orientations 

defined by their respective Euler angles, (3) the ability to input measured or hypothetical 

textures using pole figures or orientation-distribution functions (ODFs), and (4) 

extensive post-processor software enhancements to quantify intermediate and final 

grain-size and grain-boundary-misorientation distributions, textures/volume fractions of 

texture components, etc. To simplify the calculations for large 3D modeling domains, 

the separate effects of grain-boundary energy and mobility were combined into a single 

effective mobility parameter.  

 To obtain insight into the specific interaction of texture and grain growth, 

Ivasishin, et al. [24, 25] applied the 3D code to a number of special cases, including 

grain growth in (1) an initially textured or untextured material with a misorientation-

dependent or independent grain-boundary mobility and (2)  a material with an initial two-

component texture and misorientaion-dependent grain-boundary mobility. Sample MC 

results for the material with two initial texture components (denoted A and B) are shown 

in Figures 5-7. The MC-simulated kinetics revealed periods of fast and slow grain 

growth (Figure 5a), similar to experimental observations. As seen in (100) pole figures 
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(Figure 5b), there were also pronounced variations in texture as grain growth occurred. 

(Only the (100) poles (and not the (010) and (001) poles) are shown for the sake of 

clarity.) The texture changes were characterized by periodic interchanges of the volume 

fractions of the two components. A comparison of Figures 5a and 5b indicates that the 

periods of rapid grain growth were associated with the times (~15 MCS and ~1200 

MCS).at which the volume fractions of the two texture components were approximately 

equal and there was thus a large fraction of high-angle boundaries  

The MC-simulated texture evolution for the two-component case can be 

explained as follows. Because of their lower volume fraction, the A grains initially had a 

much higher probability of being surrounded by B grains rather than by other A grains 

and thus of having high mobility A-B boundaries. Hence, small A grains were rapidly 

consumed by large B grains, but large A grains were able to grow rapidly. Because the 

B grains were in contact preferentially with other B grains, they had mainly low mobility 

B-B boundaries; therefore, most of the B grains participated only slightly in the initial 

stages of grain growth. This led to a very different grain-size distribution for the 

modeling domain as a whole (Figure 6a) compared to that for those grains with the A 

texture component (Figure 6b). After the A grains had consumed a majority of the 

volume, the growth rate of the A grains decreased, because there was now a high 

probability that each was surrounded by other A grains. As B had become the minority 

component, the growth rate of B grains exceeded that of the A grains. Over long times, 

such phenomena produced cyclic changes in the relative volume fractions of the A and 

B texture components.  



MC predictions of the periodic evolution of a two-component texture [25] mirror 

deterministic numerical calculations, such as those of Lücke and his coworkers [26, 27] 

(Figure 7). These earlier calculations were based on the classical expression for the 

velocity v of a grain boundary between grains ν and µ, i.e., 

vνμ = 2Mνμγνμ ( ,       (6) )RR 11 −− μ−ν

in which Mνμ , γνμ , Rν, and Rµ denote the grain-boundary mobility, grain-boundary 

surface energy, and radii of the adjacent grains. For the case of a two-component 

texture [26], the calculations comprise (1) the discretization of the grain-size 

distributions for each of the two texture components into bins and (2) applying a relation 

of the form of Equation (6) for the grains in each bin of each texture component. The 

value of Mγ used in these expressions is an average of those for AA and AB interfaces 

(for A grains) or for BB and AB interfaces (for B grains) weighted by the volume 

fractions of A and B grains. 

A comparison of MC predictions of texture-controlled grain growth to 

experimental observations has shown only qualitative agreement [24] to date. The 

differences can be attributed largely to the dearth of quantitative data on grain-boundary 

energy and mobility as a function of misorientation for titanium alloys. Furthermore, it 

has been shown using 3D MC simulations that periods of rapid and slow grain growth 

may also be due to the anisotropy of boundary properties associated with tilt-twist 

character/boundary inclination [28-30]. 

 In similar work, Ma and his coworkers [31, 32] simulated texture-controlled grain 

growth during beta annealing of Ti-6Al-4V using the phase-field method. The effect of 
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grain-boundary energy/mobility and specific type of initial texture on grain-growth 

kinetics and the evolution of the different texture components were evaluated.  

Recrystallization of Beta Titanium 

 The recrystallization of beta titanium plays a key role in breaking down coarse 

ingot structures to obtain semi-finished billet products of essentially all conventional 

titanium alloys as well as in refining the beta grain size during the TMP of plate and 

sheet product of beta and near-beta titanium alloys. Modeling efforts in this area have 

begun only recently and have focused primarily on static recrystallization of beta 

titanium alloys. 

 Obtaining a uniform (statically) recrystallized microstructure in beta-rich titanium 

alloys can be very difficult. The challenge arises from the non-uniformity in stored 

energy within grains (from prior hot deformation in the beta phase field) as well as from 

grain to grain. Static recrystallization kinetics are thus different in different areas, giving 

rise to simultaneous propagation of the recrystallization front in some areas and grain 

growth in other, previously recrystallized, areas. Two approaches have been proposed 

to address problems of this sort. One involves the development of phenomenological 

processing maps that delineate combinations of forging and heat treatment parameters 

that produce uniform recrystallization [33]. A second approach, which is just emerging, 

comprises the application of modeling techniques such as the Monte-Carlo (MC) and 

cellular-automata (CA) techniques [34-36]. The CA method [35, 36] has been applied to 

treat dynamic recrystallization. The specific method involves tracking the 

generation/storage and annihilation of dislocations, nucleation events, and migration of 

a recrystallization front. The details of the relationship between the orientations of the 



deformed matrix and nuclei and the mobility of different types of boundaries have yet to 

be incorporated, however, thus limiting the application of CA techniques for quantitative 

texture predictions. These drawbacks have been remedied using the MC technique, at 

least for static recrystallization problems, and thus attention below is focused on this 

method.    

 Formulation of Monte-Carlo Simulations. An MC routine [34] has been formulated 

and applied to provide insight into static recrystallization and grain growth in beta 

titanium alloys. The calculation procedure in already recrystallized regions is similar to 

that for standard MC simulations of grain growth in that the probability P for re-

orientation during an elementary flip trial at site i is taken to be the following: 

 P = U( ) W( ) exp(-ΔEL/kbTs)  for ΔEL > 0    (7a) θ θ

and  P = U(θ) W(θ)    for ΔEL ≤ 0 ,      (7b) 

In Equations (7a) and (7b), U and W denote the relative (normalized) grain-boundary 

mobility (M/Mmax) and energy (γ/γmax) as a function of the scalar misorientation θ 

between the initial and trial orientations; ΔEL is the change in system energy before and 

after the flip trial; and kb is Boltzmann’s constant. In the absence of stored energy due to 

cold or hot working, the system energy EL is the total grain-boundary energy and is 

typically given by the following relation for 3D MC simulations: 

 ∑
=

δ−θ∑
=

=
26

1j
)])jq,iq(1)[(W

N

1i
(

2
1EL       (7c)  

Here, the first summation is taken over the total number N of lattice sites in the 

simulation; the second summation is taken over the 26 first, second, and third nearest 

neighbors (for a simple cubic lattice) whose orientations/states are taken to be those 
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specifically possible for the trial flip; qi and qj denote the orientations of sites i and j; and 

δ(qi, qj) denotes the kronecker delta (= 1 for qi =q j and = 0 for qi ≠ qj). In Equation (7a), Ts 

represents the simulation temperature (not the real workpiece temperature); kbTs is an 

energy that defines the thermal fluctuations/”noise” present in MC simulations. When 

the probability P (Equations (7a) and (7b)) is greater than that obtained from a random-

number generator that produces values between 0 and 1, the flip is retained; i.e., 

boundary migration occurs. Otherwise, the original orientation/state is restored. 

The boundary energy in Equation (7) is often assumed to follow the classic 

Read-Shockley behavior for low-angle boundaries (θ  < 15°) and exhibit a constant 

(maximum) energy for non-special, high-angle boundaries (θ   15°) (Figure 8a): 

 )]ln(1)[(
maxmax

max θ
θ

−
θ

θ
γ=γ   for θ < 15°    (8a) 

 γ=γ max     for θ ≥ 15°   (8b)  

The mobility dependence on misorientation (M(θ)) can be based on specific 

measurements or the formulation of Rollett and Holm [37] (Figure 8a): 

 }{ ]3
amax )

10
exp[(m1M)(M o

θ
−−=θ      (9) 

In this expression, Mmax is the maximum mobility (corresponding to non-special, high-

angle boundaries), and the parameter ma is set equal to 0 or 1 for the isotropic and the 

most anisotropic case, respectively. 

For flip trials focusing on a site i located at the recrystallization front, Equation 

(7a) is replaced by an expression of the following form: 

17 

 



 P = U(θ) 
H
H
max

i  exp(-ΔEL/kbT) .     (10) 

Here, Hi denotes the stored energy at site i, and Hmax is the maximum stored energy in 

the material; the grain-boundary energy in the pre-multiplier term is neglected because 

its value is usually several orders of magnitude less than the typical levels of stored 

work associated with dislocations. An expression similar to Equation (7c), but which 

incorporates the stored energy Hi/Hmax, is used to estimate EL and hence ΔEL 

associated with the flip trial; i.e., recrystallization and migration of the recrystallization 

front. Various spatial dependences of stored energy can be used. These include 

uniform stored energy within each grain (with each grain’s energy scaled by its Taylor 

Factor, MT) and a stored-work distribution whose magnitude decreases from a 

maximum at the grain boundary toward the center of the grain (Figure 8b). 

In the MC simulations described in Reference 34, nucleation was assumed to 

occur at a constant rate (10-4 nuclei/ MU3 per MCS; MU ≡ model lattice unit/ lattice 

spacing) at grain boundaries and local regions of high stored energy. Oriented 

nucleation was introduced by assigning various probabilities for the possible 

misorientations between the deformed matrix and the recrystallization nucleus. 

Specifically, it was assumed that nuclei were either randomly-oriented or formed a Σ9, 

Σ19, or Σ27 boundary with the deformed matrix grain, thus giving rise to misorientation 

angles/rotation axes of 39°<110>, 26.5°<110>, or 35°<110>, respectively. These 

orientations are typical for the recrystallization of bcc metals [38, 39].   

Monte-Carlo Simulation Predictions. A number of interesting predictions were 

obtained by Ivasishin, et al. [34] from 3D MC simulations using the above formulation. 
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The simulation materials / initial textures comprised the cold-drawn, beta titanium alloy 

Timetal LCB (Ti-4.5Fe-6.8Mo-1.5Al) with partial fibers denoted as β and η [1] and hot-

rolled sheet of VT22 (Ti-5Al-5Mo-5V-1Cr-1Fe) with an α fiber [1]. Some of the key 

findings were as follows: 

• Oriented nucleation assuming a preponderance of Σ9 nuclei gives rise to a 

noticeably different texture (relative to the deformation texture) after 

recrystallization is complete, not surprisingly. 

• The nature of the stored energy distribution can have a strong effect on 

recrystallization kinetics. This behavior can be demonstrated using three cases 

each assuming randomly-oriented nuclei and the same initial total stored energy, 

but with one of three different initial stored-energy distributions: (A) uniform within 

each grain, scaled by MT, (B) energy gradient varying smoothly within each grain 

with a minimum of 0.7 Hmax, and (C) energy gradient within each grain and with a 

number of local maxima (Figure 8b). The most rapid recrystallization rate is found 

for the third instance due to the large number of recrystallization nuclei (Figure 9). 

The recrystallization rate for the second case is initially high due to the high level of 

stored energy near the grain boundaries, but decreases substantially at long times; 

this behavior is accentuated in Avrami plots of the recrystallization kinetics (Figure 

9b). 

• The mobility of special boundaries can have a pronounced effect on 

microstructure/texture evolution and recrystallization kinetics. These dependences 

can be illustrated using two simulations both of which assume oriented nucleation 

with nuclei probabilities P of P(Σ9) = 0.4, P(Σ19) = 0.3, P(Σ27) = 0.3, and 
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P (random) = 0; in one case, the special boundaries have the same mobility and in 

the other the mobility is 40 pct. higher than that of non-special, high-angle 

boundaries. A noticeable difference in microstructure and recrystallized fraction 

after a time of 100 MCS is evident in simulation predictions for the two cases 

(Figure 10). 

• Oriented nucleation has a strong effect on recrysttallization texture which in turn 

affects subsequent grain-growth kinetics, as discussed earlier in the section on the 

modeling of beta grain growth.   

Recrystallization of Alpha Titanium 

 Significant progress has been made in modeling the recrystallization of alpha 

titanium. The principal focus in this area has been on the static recrystallization of cold- 

or warm-worked unalloyed (alpha) titanium.  

Experimental Observations. Modeling and simulation of the static recrystallization 

of alpha titanium has been guided by detailed characterization of the deformed 

microstructure and experimental observations of recrystallization kinetics, etc. For both 

commercial-purity (CP) and high-purity unalloyed titanium, very inhomogeneous 

microstructures are developed as a result of the competition between crystallographic 

slip and twinning at cold-, and to a lesser extent warm-, working temperatures [13, 14, 

40, 41]. At cold-working temperatures, for example, twinning is activated at very low 

strains (~0.05) and reaches a saturation level at effective strains of ~0.3-0.6 in both 

uniaxial compression and rolling due to a Hall-Petch type of strengthening. Furthermore, 

as shown by Salem, et al. [13] for a highly-textured lot of pure titanium, the amount of 

twinning that is activated is heavily dependent on the imposed strain state. Imposed 



strains that require compressive or tensile strains along the c-axis of many of the grains 

in a polycrystalline aggregate lead to high volume fractions of twins. Those strain states 

that require limited extension or compression along the c axis result in the 

accommodation of the imposed deformation primarily by slip processes in the majority 

of the grains. 

Chun, et al [14, 40] have done extensive characterization of the microstructure 

developed during the cold-rolling and recrystallization annealing of CP titanium (CP Ti) 

sheet. It was found that cold rolling to a moderate reduction (≤ 40 pct.) activates slip and 

mechanical twinning, primarily >< 2311}2211{  compressive twins and 

>< 0111}2110{  tensile twins (Figure 11a). The formation of twins results in an 

inhomogeneous microstructure, in which regions containing twins are refined and the 

grains which deform primarily by slip remain relatively coarse (Figure 11b). The 

occurrence of twinning can weaken the starting texture leading to a moderate basal 

texture (Figure 12). Above 40 pct. reduction, during which deformation by slip 

predominates, a split-basal texture typical of cold-rolled hcp metals (with a principal 

ODF component of ϕ1=0°, Φ=35-90°, ϕ2=30°) is developed.  

During subsequent recrystallization annealing of CP Ti at temperatures of the 

order of 600°C, twinned grains, which contain high stored energy and numerous high-

angle boundaries, become the preferential sites for nucleation. Despite their 

impingement, the recrystallized grains grow quickly, consuming the neighboring 

deformed regions in short times (~15 minutes). The coarse, elongated remnant grains 

with low stored energy hinder the recrystallization process and require considerably 
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longer times (of the order of 100 minutes) to be consumed. Although the overall 

recrystallization kinetics may exhibit a sigmoidal behavior, the corresponding Avrami 

plot is bi-linear (Figure 13a, b). 

During recrystallization, the cold-rolling texture diminishes in intensity, and a 

recrystallization-texture component (ϕ1=15°, Φ=35°, ϕ2=35°) appears. The 

recrystallization texture component strengthens during the subsequent grain growth 

stage. This behavior can be attributed to the growth of larger-than-average grains of this 

particular crystallographic orientation. 

Formulation for Monte-Carlo Simulations. Similar to the work of Ivasishin, et al. 

[34] dealing with the recrystallization of beta titanium, Chun, et al. [42] developed and 

applied a 2D MC code to describe the recrystallization of cold-worked alpha titanium. 

The key components of this formulation consist of descriptions of (1) the stored energy 

associated with the deformed (cold-worked) state, (2) the decrease in stored energy 

during annealing due to static recovery, (3) nucleation behavior, and (4) the flip 

probability for recrystallization/migration of the recrystallization front. 

The spatial distribution of cold-work can be quantified by deformation models 

such as crystal-plasticity techniques [39, 43] or direct measurements based on image-

quality maps derived from electron-backscatter-diffraction (EBSD) [44, 45]. Because of 

the complexity of the microstructure developed during the cold deformation of CP Ti, the 

EBSD image-quality-map approach is preferable. The technique utilizes EBSD Kikuchi-

pattern bands whose sharpness is dependent on elastic strains which distort the crystal 

lattice. Chun, et al. used the following relation to quantify this effect: 



)(
max

i
i IQf

IQ
1kH

⋅
−=  ,        (11) 

in which Hi and IQi denote the stored energy (in arbitrary units) and the image quality, 

respectively, at MC lattice site i; IQmax is the maximum value of the image quality; and k 

and f are constants that specify the upper and lower bounds for the stored-energy 

distribution. In line with other measurements, Chun, et al. chose k = 70 and f = 1.3, 

respectively, which resulted in stored-energy values ranging from 16 to 65. An example 

image-quality map for CP Ti rolled to a thickness reduction of 60 pct. is shown in Figure 

11c. Regions with fine microstructure (developed in grains that underwent both twinning 

and slip) have high stored energy. The coarse remnants of the initial grain structure 

(which deformed only by slip) exhibit low values of stored energy.  

 Static recovery is described using the following relation: 

 Hnew = (1-b)Hold ,        (12) 

in which Hold and Hnew are the stored energy before and after recovery. This relation 

quantifies the exponential decay of stored energy with time, which is typical of the static 

recovery of metals [46]. 

 In the work of Chun, et al. [42], nucleation was assumed to comprise site 

saturation; i.e., all nuclei were assumed to be formed at the beginning of the annealing 

process. The nucleation sites were placed either randomly in the lattice or at sites with 

high-stored energy. For the latter, high-stored-energy-nucleation (HSEN), case, 1000 

lattice sites among those belonging to the upper 1 pct. of stored energy were chosen. 

The stored energies of these nuclei were set to zero, and their orientations were taken 

to be the same as that for the lattice site in the deformed state.   
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 The probability for recrystallization/migration of the recrystallization front can be 

treated in a manner analogous to that embodied in Equation (10). In the work of Chun, 

et al. [42], however, an explicit expression for strain-induced migration of the 

recrystallization front between sites i and j as a function of the local variation in stored 

energy and the grain-boundary mobility was utilized, i.e.: 

 vij = ar⋅ΔHij⋅M.         (13) 

In this equation, vij denotes a velocity that varies between 0 and 1; ar is a constant that 

ensures a realistic rate of recrystallization corresponding to the range of energy 

differences ΔHij between sites i and j (e.g., 0 to 65), and M is the mobility (as a function 

of misorientation) as given in Equation (9). When vij is greater than the probability 

obtained from a random-number generator that produces values between 0 and 1, the 

recrystallized grain grows at the expense of the deformed site j. As a consequence, the 

stored energy of site j is reset to zero, and the orientation of site j is changed to that of 

site i. 

 The calculation procedure in already recrystallized regions is similar to that for 

standard MC simulations of grain growth. 

 Monte-Carlo Simulation Predictions. The MC simulations of Chun, et al. [42] 

illustrate the effects of concurrent recovery, the spatial distribution of nuclei, the 

heterogeneous distribution of stored energy, and anisotropy of grain-boundary energy 

and mobility on static recrystallization kinetics and texture evolution, and thus aid in the 

interpretation of observations for CP Ti. For the ideal case of no recovery, site 

saturation with randomly-placed nuclei, uniformly distributed stored energy, and 

isotropic boundary properties, MC predictions reveal a linear Avrami plot with a slope p 
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of ~2.15 (Figure 13c), in good agreement with the classical Johnson-Mehl-Avrami-

Kolmogorov (JMAK) prediction of 2.0. 

 A number of useful predictions can be obtained for special cases in which only 

one parameter (i.e., recovery, nuclei distribution, stored-energy distribution) is varied 

relative to the special case that mirrors JMAK behavior. When static recovery is 

included in MC simulations, for example, Avrami curves show a negative deviation from 

the linear JMAK behavior. The deviation becomes more dramatic as the parameter b 

(Equation (12)) is increased, accentuating the rate of recovery and thus the loss of the 

driving force for boundary migration associated with the stored energy. The distribution 

of the nuclei can also lead to deviations from the linear JMAK trend. When the nuclei 

are uniformly or heterogeneously distributed rather than at random locations, positive or 

negative deviations, respectively, are predicted. The range of stored energy (e.g., 

15<H<65, 20<H<86, 50<H<92) has little influence on recrystallization kinetics. 

Increasing the average level of stored energy reduces the recrystallization time, but the 

distribution per se does not result in deviations from linear JMAK behavior. When these 

various factors and anisotropic grain-boundary properties are all incorporated into the 

MC simulation, Avrami plots which mirror experimental observations are obtained (e.g., 

Figures 13b versus Figure 13c). 

 The spatial and temporal information from MC simulations provides a useful tool 

for investigating the source of deviations from linear JMAK behavior. Such 

interpretations often involve “microstructural-path” analysis; e.g., determination of the 

average velocity VCH of the recrystallization front as a function of the recrystallized 

fraction X, using the the Cahn-Hagel relation [47]: 



 
dt
dX

S
1v
v

CH ⋅=  ,        (14) 

Here, Sv and t denote the total area of the recrystallization front per unit volume and the 

time, respectively. For 2D MC simulations, Sv and t can be replaced by the total length 

of the recrystallization front per unit area, LA, and the simulation time in Monte-Carlo 

steps (MCS), respectively.  

As examples, plots of VCH, LA, and the recrystallization rate (ΔX/ΔMCS) as a 

function of X are shown in Figure 14. For the ideal case giving rise to linear JMAK 

kinetics (Figure 14a), the recrystallization front moves at a nearly constant speed during 

the entire recrystallization process; the parameters LA and ΔX/ΔMCS exhibit maxima at 

X ~ 0.42. By contrast, for the simulation involving recovery, heterogeneous nucleation at 

non-uniformly distributed sites of high stored energy, and anisotropic grain-boundary 

properties (Figure 14b), the front velocity increases rapidly during the very early stage of 

recrystallization, and then decreases; LA and ΔX/ΔMCS both reach maxima at lower 

values of the recrystallized fraction (i.e., X ~ 0.3) than the classic JMAK case. This 

situation corresponds to the Avrami plot in Figure 13c. Thus, a negative deviation in 

recrystallization kinetics can be correlated to the onset of decreasing LA at a lower value 

of X compared to that for JMAK kinetics or an average velocity of the recrystallization 

front which decreases with time. 

MC simulations also provide an invaluable tool to investigate the coupling of 

microstructure and texture evolution during recrystallization of a material such as CP Ti 

whose as-deformed condition is so complex. For instance, observed and simulated 

microstructures for recrystallization of CP titanium cold rolled to a thickness reduction of 
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60 pct. and annealed at 600°C show excellent agreement (Figure 15). These results 

illustrate the heterogeneity of recrystallization at short times in local regions with high 

stored energy and the subsequent grain growth in these areas during longer times at 

which the balance of the microstructure with lower initial stored energy is still 

undergoing recrystallization. Similar remarks apply to predictions of texture, quantified 

for example by orientation-distribution functions (ODFs) (Figure 16). For CP Ti, the as-

deformed texture used for MC simulations ( Figure 16b, top) was obtained by EBSD 

over a limited area of observation (120 μm × 100 μm) and thus differs slightly from that 

obtained by x-ray diffraction (Fig. 16a, top); i.e., the peak intensity of the XRD analysis 

appeared at ϕ1=0°, Φ=35° and ϕ2=30°, while that of the EBSD analysis was at ϕ1=0°, 

Φ=55° and ϕ2=30°. However, the experimental and MC-predicted recrystallization 

textures (Figures 16a, bottom and 16b, bottom, respectively) both show a weakening of 

the ϕ1=0°, Φ=50~90° and ϕ2=30° orientations and a strengthening of ϕ1=0~30°, 

Φ=20~40° and ϕ2=30° orientations. The strengthened texture component corresponds 

to the orientation of regions of high stored energy in the as-cold rolled CP Ti. This 

finding tends to support the MC-simulation assumption of identical orientations for both 

the deformed material and the nuclei and the importance of nucleation behavior in 

controlling the recrystallization textures of alpha titanium.  

SIMULATION OF DEFORMATION TEXTURE EVOLUTION   

 The simulation of deformation textures in titanium alloys can be performed using 

a number of different approaches including the Taylor (isostrain) formulation; 
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viscoplastic, self-consistent (VPSC) analysis; and the crystal-plasticity, finite-element 

method (CPFEM).   

Taylor Analysis 

The Taylor analysis can be used for simulating the evolution of deformation 

texture for both single- and two-phase titanium alloys to various degrees of accuracy.  

Single-Phase Beta Titanium. Glavicic, et al. [19] and Gey, et al. [48] 

demonstrated that a rate-sensitive Taylor-type model can be used to simulate beta-

texture development during hot working of Ti-6Al-4V in the single-phase beta field. The 

former effort focused on texture evolution during the initial, beta-hot-working breakdown 

operations for production scale ingots. To this end, the local strains imparted to the 

workpiece were first estimated using a commercial “continuum” FEM code, DEFORM™ 

(Scientific Forming Technologies Corporation, Columbus, OH). The strain increments so 

determined were inserted in the Los Alamos polycrystalline plasticity (LApp) code [49] 

assuming deformation via slip on {110}<111> and {112}<111> systems. By this means, 

a <110> fiber texture was predicted for the billet center at which the initial (solidification) 

texture had been random. Model predictions showed good agreement with the 

experimental beta texture, whose determination required measurements of the alpha-

phase texture due to the limited amount of beta phase for Ti-6Al-4V at room 

temperature [50, 51].  

 Gey, et al. [48] analyzed the rolling of Ti-6Al-4V plate in the beta phase field. 

They assumed the same slip systems as in the work of Glavicic, et al. [19], but chose a 

relaxed - constraints approach. That is to say, two of the three shear strains were not 

forced to be identical in all grains because of the pancake shape of the grains 



developed during rolling to heavy reductions. The simulated texture for a 75 pct. 

thickness reduction showed relatively good agreement with measurements (Figure 17). 

The major difference lay in the absolute intensity of texture components; the simulations 

showed stronger maxima compared to the observations. Such differences are common 

for crystal-plasticity models which typically neglect accommodation of the imposed 

deformation via dynamic-recovery/dislocation-climb processes. 

 Two-Phase Titanium Alloys. Taylor-type models can also be used to estimate the 

deformation textures developed in the individual phases during the hot working of two-

phase titanium alloys with an equiaxed-alpha microstructure, such as occurs during 

alpha/beta forging or rolling of alpha/beta titanium alloys. One such approach is that 

developed by Glavicic, et al. [52] for the prediction of texture evolution during the hot 

pancake forging of Ti-6Al-4V. In this approach, a continuum FEM code is used first to 

estimate the “macroscopic” strains/strain increments and rigid-body rotations at each 

point of the workpiece. An approximate analysis is then used to estimate the partitioning 

of strain between the (harder) alpha phase particles and the (softer) beta phase matrix 

grains at specific points of interest. Next, a rate-sensitive Taylor analysis is applied to 

estimate the rotations associated with slip within each separate phase. Last, the 

rotations due to rigid-body motion (metal flow) and crystallographic slip are summed to 

determine the final texture of the alpha and beta phases.  

To partition the strain between the alpha and beta phases, Glavicic, et al. [52] 

used an approximate self-consistent analysis for two-phase materials each of whose 

constituents has the same strain rate sensitivity m and a constitutive response of the 

form ;  and ki  denote the flow stress as a function of strain rate and the m
iii k ε=σ & )(εσ &
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strength coefficient for the specific phase, respectively. The model was based on the 

approach developed by Hill [53] for linearly elastic solids, which was later extended to 

the case of rate-sensitive, incompressible materials by Suquet [54]. Subsequently, it 

was applied to titanium alloys by Briottet, et al. [55] and Semiatin, et al. [56]. The 

analysis leads to the determination of an effective strength coefficient k for the two-

phase aggregate, whose overall constitutive response is assumed to be . The 

strength coefficient k depends on the ratio of the strength coefficients of the two phases, 

ka/kβ, and the volume fraction of the harder phase (alpha for the case of alpha/beta 

titanium alloys), i.e., fα. Results of the analysis for m = 0.23 (i.e., the m for the alpha and 

beta phases of Ti-6Al-4V) are shown in Figure 18a. Results for m = 0.15 and m = 0.30 

are similar. 

mkε=σ &

The values of kα and kβ depend on phase composition and temperature [56, 57]. 

An analysis of a large collection of flow stress data for various alloys has led to the 

finding that the ratio kα/kβ for the alpha and beta phases in Ti-6Al-4V is almost constant 

at temperatures between 815 and 982°C and has a value of 3 [56]. 

The average strain rates in the alpha and beta phases (and hence the strain 

partitioning between the phases) are readily calculated from the values of k, kα, kβ, and 

fα by noting that the aggregate flow stress and strain rate are volume averages of the 

corresponding quantities for the components [58]. This leads to the following 

expressions for  and , in which ov/ εεα && ov/ εεβ && ovε& is the overall (aggregate) strain rate: 
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Equation (15a) cannot be solved analytically, but is readily evaluated using numerical 

techniques leading to nomographs such as those in Figure 18b, c. 

 Using this approach for strain partitioning, Glavicic, et al. [52] applied the rate-

sensitive Taylor code LApp to predict the deformation texture of the primary alpha 

phase at various locations in a pancake of Ti-6Al-4V forged at 955°C, i.e., ~40°C below 

the beta-transus temperature. The predictions showed reasonable qualitative 

agreement with measurements (Figure 19), but the magnitudes of the texture 

components were high, a trend similar to that discussed above with regard to the work 

of Gey, et al. [48]. 

VPSC and CPFEM Analyses 

 Viscoplastic self-consistent (VPSC) and crystal-plasticity FEM (CPFEM) 

approaches can also be used to model the evolution of deformation texture in two-

phase titanium alloys. In the former approach, the strain is assumed to be 

homogeneous with each grain, but may vary from one grain/phase to another. The 

CPFEM technique enables strain variations within grains/phases as well as from grain 

to grain to be investigated. Details on these simulation techniques are contained in 

other articles in this volume. Hence, only some key results of such analyses are 

summarized here.  

 The VPSC analysis has been applied to alpha/beta titanium alloys with an 

equiaxed-alpha or a lamellar-colony microstructure. In the work of Dunst and Mecking 

[59], for example, texture evolution during the rolling of plate to a 70-pct. thickness 

reduction in a single pass at 800°C was investigated for a series of equiaxed-alpha 

alloys with different volume fractions of the two phases. Alloying was chosen so that the 
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compositions of the alpha and beta phases were the same in each case. The evolution 

of deformation texture was simulated using the VPSC approach of Lebensohn and 

Tome [60]. Using a fitting procedure to get the best deformation texture predictions for 

single-phase alloys, the critical resolved shear stresses (CRSS) for slip were taken to 

be in the ratio of 1:1:1.5:3:1/3:1/3:1/3 for the four assumed alpha-phase systems (prism 

<a>, pyramidal <a>, basal <a>, pyramidal <c+a>) and the three assumed beta-phase 

systems ({110}<111>, {112}<110>, and {123}<110>). The strain-rate sensitivity (m) was 

set at 0.2 for both phases.  

 Alpha-phase textures predicted by Dunst and Mecking using the VPSC approach 

showed good agreement with measurements (Figure 20). The calculated activity of 

different slip systems and microstructure observations revealed that “hard” alpha-grain 

orientations (i.e., those whose c axes lay in the plate normal direction) tended to remain 

undeformed as the volume fraction of alpha decreased. On the other hand, soft alpha 

grains deformed predominantly by single slip (along prism <a> systems) as the alpha 

volume fraction increased; the strain incompatibility was accommodated by the 

deformation of the beta phase. Predicted beta-phase textures showed poorer 

agreement with measurements, an effect ascribed to local interactions between the beta 

and alpha phases which were not treated in the VPSC model. 

 Deformation texture development in alpha/beta titanium alloys with a colony-

alpha microstructure can also be described using a VPSC approach [61]. The best 

alpha-phase predictions are obtained when the “correlation” between alpha lamellae 

and the beta matrix (i.e., the Burgers relation between the phases and an alpha-beta 

interface close to a prism plane in the alpha phase) is taken into consideration. Local 
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interactions and non-uniform local flow of the beta phase make the prediction of beta 

deformation textures somewhat problematical as in VPSC simulations for equiaxed 

microstructures, however.   

 CPFEM simulations can also be used to quantify strain partitioning and texture 

evolution in two-phase titanium alloys. For example, Turner and Semiatin [61] examined 

the effect of the degree of microstructure discretization on strain partitioning between a 

hard and a soft phase. Predictions were found to differ noticeably for so-called meso-

scale and micro-scale modeling approaches. For the former, each grain is represented 

by a single element in the CPFEM simulation, whereas each grain is divided into 

multiple elements for micro-scale simulations. The higher level of discretization 

produces predictions of strain partitioning similar to those from the approximate self-

consistent model of Suquet, Semiatin, and their co-workers [54, 56] (Figure 21a).  

 The usefulness of CPFEM to quantify local deformation and texture evolution for 

two-phase alpha/beta titanium alloys has been demonstrated by Barton and Dawson 

[63]. In this work, the hot rolling of plate in which the volume fractions of the alpha and 

beta phases were varied was simulated; because of excessive mesh distortions, the 

thickness reduction was limited to 25 pct. The values of CRSS were similar to those 

used in the VPSC simulations of Dunst and Mecking [59]. As for other modeling 

approaches, the partitioning of strain between the alpha and beta phases is predicted 

by CPFEM to increase with a decrease in the volume fraction of the harder alpha phase 

(Figure 21b). Furthermore, non-negligible shear strain components can be quantified in 

CPFEM simulations. In the work of Barton and Dawson [63], it was shown that the 

shear strains tend to be higher in the beta phase and increase in magnitude with an 
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increase in the volume fraction of alpha, thus underlining the need to quantify local 

neighborhood effects on texture evolution in the beta phase. In a similar vein, CPFEM 

simulations reveal that strain localization tends to occur in materials with roughly equal 

amounts of alpha and beta or slightly beta-rich alloys. In titanium alloys with a large 

volume fraction of beta, on the other hand, the alpha particles tend to undergo little 

deformation (but may experience noticeable rotations), and thus they are essentially 

carried along with the plastic flow of the beta. Textures predicted by CPFEM mirror 

measured ones, but limitations on the reduction level that can be simulated (due to 

excessive mesh distortion) preclude quantitative comparisons. Current and future 

increases in computing power are now overcoming such limitations for CPFEM 

simulations of texture evolution.   

TRANSFORMATION TEXTURE EVOLUTION 

 The decomposition of the high-temperature metastable bcc beta phase during 

cooling often results in the preferential selection of a subset of the 12 possible hcp 

lamellar-alpha variants. This effect has been investigated most often for alpha/beta 

titanium alloys such as Ti-6Al-4V, and various approaches have been proposed to 

interpret observations for both heat-treating and deformation processes.  

 In the area of heat treatment,  it has been found that variant selection tends to be 

weak for cold- or hot-rolled Ti-6Al-4V plate which is beta annealed and slow cooled [64, 

65]. By contrast, a strong variant-selection process can occur for this material during 

rapid cooling from a heat treatment in the alpha + beta phase field [64].  For example, 

an analysis of the data of Moustahfid, et al. [64] by Divinski, et al. [66] suggests that the 

orientation of the beta-phase plane relative to the rolling plane controls the variants that 
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ponents (

are formed. In particular, good agreement between measured and predicted pole 

figures (Figure 22) is obtained when only one-half of the possible variants are chosen 

for each of the two principal beta-texture com >< 011}112{  and 

>< 211}111{ , in which the two indices refers to the crystallographic plane/direction 

parallel to the rolling plane/rolling direction). It has been hypothesized that local stresses 

developed in two-phase material during cooling (as a result of differences in coefficients 

of thermal expansion) tend to favor the formation of alpha variants whose orientation is 

similar to that of the primary alpha [66].  

 When beta-phase decomposition follows hot deformation in the beta field, 

noticeable variant selection tends to occur [48]. In such cases, the selected alpha 

variants tend to correlate with the beta slip systems which have been most active during 

the prior deformation. The plausibility of this approach was demonstrated by Gey, et al. 

[67] for beta hot working via plate rolling. As described in the section on the modeling of 

deformation texture, the relative slip activity in the beta phase can be estimated using a 

Taylor-type model assuming deformation on {110}<111> and {112}<111>  systems. 

Alpha variants may be presumed to nucleate on highly active {110}<111> beta-phase 

systems because of the direct Burgers orientation relation between the close-packed 

planes and directions in the two phases. In addition, Burgers [9] suggested that the 

beta-to-alpha transformation begins with shear movements of atoms on {112} planes in 

<111> directions. Thus, prior activity of specific {112}<111> systems may also favor the 

formation of related alpha variants. In the specific work of Gey, et al. [67], therefore, the 

volume fractions of alpha variants for each beta crystal orientation were assigned in 

direct proportion to the relative activity on those slip systems that underwent a certain 
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minimum shear strain; the minimum was taken to be 50 pct. of the maximum shear 

strain for the particular crystal orientation. With a variant-selection rule of this form, 

texture predictions in good agreement with observation can be made (Figure 23).   

 An alternate, but related, variant selection rule for the decomposition of hot-

worked beta has been proposed and validated by Moustahfid, et al. [68]. This alternate 

rule chooses among the various possible {110}<111> and {112}<111> slip systems for 

each crystal orientation based on their relative Schmid factors/resolved shear stresses. 

Those systems whose Schmid factors are within 10 pct. of the maximum Schmid factor 

are assumed to form an alpha variant.     

FUTURE OUTLOOK 

 The current status of the modeling and simulation of the evolution of 

crystallographic texture in titanium and titanium alloys due to recrystallization, grain 

growth, deformation, and phase transformation has been summarized. For these 

materials, the development of a fundamental understanding of texture formation tends 

to be challenging from an experimental standpoint because of the high temperatures 

involved in typical industrial processes and the allotropic transformation of many alloys 

of commercial interest. Hence, modeling and simulation provide useful tools for 

phenomena that are not easily observed. Recent developments in this area underscore 

the coupled nature of the evolution of texture and microstructure and the need to treat 

both aspects in realistic physics-based models. Important areas of future development 

include the following: 
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• Development of databases of material properties needed for simulations. These 

properties include grain-boundary energy and mobility and stress-strain-strain-rate 

constitutive behavior at large strains for slip in both alpha and beta titanium. 

• The development of an understanding of the effect of strain path on large-strain 

constitutive behavior at the crystal scale. 

• Incorporation of recovery in deformation-texture models. 

• Development of variant selection rules to describe the decomposition of beta during 

cooling following heat treatment or hot working, especially for alpha/beta titanium 

alloys processed in the two-phase field.  
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Figure Captions 

Figure 1.  Close-packed planes/directions and crystallography of (a) hcp alpha 

titanium and (b) bcc beta titanium. The Burgers orientation relation between 

the beta and one of the 12 possible alpha variants is shown in (c). 

Figure 2. Orientation relation between the orthogonal sample reference directions and 

the orthogonal crystal reference directions: (a) Geometry in terms of angles 

between the two systems of axes (for clarity, only the angles α1, β1, and γ1 

are shown) and (b) Euler angles using the Bunge convention [11].  

Figure 3.  Common slip systems for hcp (alpha) titanium crystals: (a) basal <a>, (b) 

prism <a>, and (c) pyramidal <c+a>. 

Figure 4. Observations of beta grain-growth in Ti-6Al-4V sheet with a strong initial 

texture, showing periods of rapid and slow growth [22]. 

Figure 5. Monte-Carlo model simulation of texture-controlled grain growth for a 

material with two texture components: (a) Comparison of predicted grain-

growth kinetics (solid line) and normal grain-growth kinetics (broken line) 

and (b) simulated (100) pole figures after various times. MU ~ model lattice 

units, MCS ~ Monte-Carlo steps. In (b), the iso-intensity lines correspond to 

1, 2, 5, 10, and >30 times random, and the 010 and 001 poles are not 

shown for clarity. [25] 

Figure 6. Monte-Carlo model predictions of the grain-size distributions after 15 Monte-

Carlo steps for the simulation of texture-controlled grain growth in a material 

with two texture components: (a) For the entire material and (b) for the 

grains belonging to texture component A. MU ~ model lattice units. [25] 
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Figure 7. Predictions of the volume fraction of the texture components and the grain 

size as a function of annealing time for a two-component initial texture 

using: (a) an MC method [25] and (b) an analytical approach [27]. The 

labels for components A and B in (b) have been switched from those in 

Reference 27 in order to coincide with the nomenclature in Reference 25. 

Figure 8. Baseline dependences of (a) grain-boundary energy and mobility (ma =1) on 

misorientation and (b) stored-energy on location used in MC simulations of 

recrystallization and grain growth [34]. 

Figure 9. MC simulation predictions of the effect of initial stored-energy distribution on 

recrystallization, assuming randomly-oriented nuclei: (a) Recrystallized 

fraction X and (b) corresponding Avrami plots [34]. The letters in the figures 

refer to the stored-energy distributions shown in Figure 8b. 

Figure 10.  MC-predicted dependence of microstructure evolution in an initially wrought 

material (shown in (a)) after 100 MCS assuming identical nuclei orientations 

and a mobility of the special boundaries which was (b) the same or (c) 40 

pct. higher than that of other non-special high-angle boundaries [34].  

Figure 11.  Microstructures developed during cold rolling of CP titanium to a thickness 

reduction of (a) 20 pct. or (b) 60 pct. Figure (c) shows an EBSD image-

quality map for material cold-rolled to a 60-pct. reduction. The rolling 

direction is horizontal, and the sheet normal direction is vertical in all 

micrographs. [14, 40, 42] 

Figure 12.  Pole figures for CP titanium cold rolled to percent thickness reductions of (a) 

0, (b) 40, and (c) 60 [14]. The maximum x-random texture intensities were 
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(a) 4.4. (b) 3.9, and (c) 3.7. The contour levels for all pole figures are 1.5, 

2.0, 2.5,…7.5.    

Figure 13. Static recrystallization behavior of CP titanium rolled to a thickness 

reduction of 60 pct. and annealed at 600°C: (a) Measured recrystallization 

kinetics, (b) the corresponding experimental Avrami plot, and (c) predicted 

kinetics from an MC simulation [42]. 

Figure 14. MC predictions of the dependence on recrystallized fraction X of the 

average velocity (VCH) and total length per unit area (LA) of the 

recrystallization front and the rate of recrystallization (ΔX/ΔMCS) for (1) the 

classical JMAK condition and (b) a condition involving recovery, 

heterogeneous nucleation at sites of high stored energy, and anisotropic 

grain-boundary properties [42].    

Figure 15. Comparison of (a) experimental observations and (b) MC predictions of 

microstructure evolution during recrystallization of CP titanium cold-rolled to 

a 60-pct. thickness reduction and then annealed at 600°C [42]. 

Figure 16. Comparison of (a) measured and (b) MC-predicted textures developed 

during recrystallization of CP titanium cold-rolled to a 60-pct. thickness 

reduction and then annealed at 600°C. In both (a) and (b), the ODF on the 

top is for the as-deformed condition, and that on the bottom is for the fully 

recrystallized condition [42]. 

Figure 17. Comparison of (a) measured and (b) predicted (100) beta-phase pole 

figures for Ti-6Al-4V plate hot rolled to a 75-pct. thickness reduction in the 

beta phase field [48]. 



Figure 18. Predictions from an approximate self-consistent model for strain partitioning 

in a two-phase material with a rate sensitivity of 0.23. The graphs show the 

dependence  on the ratio kα/kβ and the volume fraction of the harder phase 

fα of (a) the aggregate strength coefficient k and (b, c) the strain rates in the 

harder phase ( ) and softer phase(αε& βε& ) relative to the overall (aggregate) 

strain rate( ) [56].   ovε&

Figure 19. Comparison of the deformation texture (in terms of (0001) pole figures) 

developed in the primary alpha phase at the corner location of a Ti-6Al-4V 

billet which was pancake forged at 955°C: (a) measured and (b) predicted 

[52]. 

Figure 20. Comparison of (a-d) measured and (e-h) simulated alpha-phase (0001) pole 

figures for heavily-rolled titanium alloys having alpha/beta volume fractions 

(in pct.) of (a, e) 96/4, (b, f) 78/22, (c, g) 36/64, and (d, h) 18/82 [59]. 

Figure 21. Strain partitioning in two-phase alloys: (a) Comparison of CPFEM meso-

scale and micro-scale model predictions with those from a self-consistent 

model [62] and (b) CPFEM predictions of the strain components in the alpha 

and beta phases during rolling of titanium plate with two different volume-

fraction ratios [63].  

Figure 22. Comparison of (0001) alpha-phase pole figures for Ti-6Al-4V plate that was 

heat treated high in the alpha + beta phase field and then rapidly cooled: (a) 

Measured [64], (b) predicted assuming random variant selection [66], and 

(c) predicted assuming biased variant selection [66].  
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Figure 23. Comparison of (0001) pole figures for colony-alpha formed during cooling 

following hot rolling of Ti-6Al-4V plate to a 75-pct. thickness reduction in the 

beta-phase field: (a) Measured and (b) predicted using a Taylor-type 

crystal-plasticity model and alpha-variant selection based on relative slip-

system activity [67].    
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(a)  = Figure 2.1 and (b) = Figure 2.7 
from Randle and Engler book.
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